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Cluster algebras

Cluster algebras were 'discovered’ in June 2000 by Fomin-Zelevinsky.
Google 'Cluster algebras portal’ by S. Fomin.

Conference 'Cluster algebras: 20 years on’ (CIRM-France)
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Cluster algebras

Cluster algebras were 'discovered’ in June 2000 by Fomin-Zelevinsky.

Google 'Cluster algebras portal’ by S. Fomin.

Conference 'Cluster algebras: 20 years on’ (CIRM-France)

1011 preprints on arxiv. Mostly in interplay with other areas of mathematics (Teichmuller

theory, representation theory, combinatorics, knot-theory, Lie algebras, ...), but not so
many about ring theory properties.
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What is a cluster algebra?

Let n > 0 and m > 0; and K is Z or a field of char 0.

AZ) € K(xth, . oxEt o xEl ) = F
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What is a cluster algebra?

Let n > 0 and m > 0; and K is Z or a field of char 0.

AZ) € K(xth, . oxEt o xEl ) = F

sty Ant+m) T

Start with a seed ¥ = ({x1,...,%n, .-, Xntm}, B) and find new seeds.
{X1y. -y Xny .-y Xnym}: cluster B: exchange matrix mutation p;, i € [1, n].

Example: n=3,m=1.

- K2 S M1
{x{,x2,x3, %}, B" | ‘{Xl,le,X3,X4},BU‘
pas N\ S M3
‘ {Xl, X2, X3, X4}, B ‘
| 1
’{Xl, X2, X3, Xa } B”"
220 nH2
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Mutation process

B = (bj) € Mnim,n(Z), and the upper n x n part is skew-symmetrizable (3d; > 0 such
that d,‘b,‘j = —djbj,').

The elements x; (i € [1, n]) are called exchangeable variables.
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Mutation process

B = (bj) € Mnim,n(Z), and the upper n x n part is skew-symmetrizable (3d; > 0 such
that d,‘b,‘j = —djbj,').

The elements x; (i € [1, n]) are called exchangeable variables.

Apply pi:
Q Ex. var. xi.xi = [Liem,nem ijji + [ e ntm xj_bji = f; — exchange polinomyal
bji >0 bji <0

@ Matrices B' = (by;) = ui(B) is

bf(/—{_bkl ifk=iorl=1i;

= bw + L(|bulby + bulbs|)  otherwise.
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The cluster algebra A(X) is the K-algebra
AE) =Klx,y [ x € X,y € {51 xaim}] € F,

where X' denotes the set of exchangeable variables obtained form the seed X via
mutations.

Two mayor theorems about cluster algebras are:

Laurent Phenomena [FZ]

. f(x,...,x
Let u € X be a cluster variable, then u = ( dll’ ’d":rm)
Xl - Xntm

V.

Positivity [LS]

. f(x,...,x .. .
For a cluster variable u = W, the coefficients in f(xi, ..., Xp+m) are
- S L

non-negative integers.

v
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0 0 -2

o 0 0 3

Example: For n =3, m =1, take the initial seed ((x1,...,x),B), B= 5 -3 0
-1 0 0

Some exchangeable variables are: first mutation
(O +x3)/x3

In a second mutation,
(4 +3xx5 +3x¢x5 + 3 + x03)/(ex3)
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0 0 -2

o 0 0 3

Example: For n =3, m =1, take the initial seed ((x1,...,x), B), B= 5 -3 0
-1 0 0

Some exchangeable variables are: first mutation
(O +x3)/x3

In a second mutation,
(4 +3xx5 +3x¢x5 + 3 + x03)/(ex3)

Third:

(%8 4 18x¢*x3 + 153x32x5 + 816x:°x5 + 3060x78x32 4 8568x20x3° + 18564x24x1° +
31824x72x3 + 43758x70x3* 4+ 48620x18x37 4 43758x7°x3° 4 31824x74x3° + 18564x12x3° +
8568x1°x3° 4 3060x8x52 + 816x2x3° + 153x1x5° + 18x2x5 + x3* + (6x136 +90x2* x5 +
630x32x5 + 2730x2%x5 + 8190x2x32 + 18018x2°x3° + 30030x2*x3® + 38610x7%x3* +
38610x2°x2* + 30030x18x2" + 18018x1°x3° + 8190xi*x33 + 2730x{°x3° + 630x{°x3° +
90x8x2* + 6x1°x2%)x3 + (15x1% + 180x3*x3 + 990x32x¢ + 3300x1%0x5 + 7425578532 +
11880x2°x3° + 13860x2*x3° + 11880x72x3" + 7425x2x2* + 3300x{8x37 4 990xi°x3° +
180x*x3°% 4 15x1%x3°%) x5 4 (20x7° + 180x74x3 + 720x2x5 + 1680x:°x5 4 2520x28x32 +
2520x720x3° 4 1680x2*x38 + 720x22x3" + 180x20x3* 4 20x{8x3 )55 + .. .) /(xax$x3?)
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[(B) - acyclic cluster algebras - principal coefficients

One associates an oriented graph ['(B) to B, with vertices [1, n + m].
Q for i,j € [1,n], if b; > 0 there are b arrows i — j.

@ for i € [n+ 1, m] if bjj~o there are bj; arrows i — j; if b; < 0 there are b;; arrows
J— i

Definition

The seed X is acyclic if the full subgraph of I'(B) on the vertices [1, n] is acyclic.

Definition

A(X) has principal coefficients if n = m and the lower n X n part of B is the identity
matrix.
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Some results

If ¥ is acyclic, then:

Theorem [BFZ07]

A(X) is f.g. and noetherian. There is an isomorphism

KXo, X[, X | i€ l,n], j€ln+1,n+ml] /(XX —f | i€[l,n]) ~ AT).

Theorem [Mull14]

[Mul14] If A(X) is locally acyclic, is integrally closed.
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Krull domains

Let A be a domain and q(A) its field of fractions.
x € q(A) is almost integral (over A) if there exists ¢ € q(A)* such that cx” € AVn > 0.

A is completely integrally closed if every almost integral element x € q(A) belongs to A.

A Krull domain is a domain A that is v-noetherian and completely integrally closed.
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Krull domains

Let A be a domain and q(A) its field of fractions.
x € q(A) is almost integral (over A) if there exists ¢ € q(A)* such that cx” € AVn > 0.

A is completely integrally closed if every almost integral element x € q(A) belongs to A.

A Krull domain is a domain A that is v-noetherian and completely integrally closed.

@ noetherian = v-noetherian.

@ A noetherian domain is completely integrally closed if and only if it is integrally
closed.

From previous slide: there are cluster algebras (for ex. acyclic) that are Krull domains.
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Class group of a Krull domain A

A fractional ideal is an A-submodule a C q(A) such that there exists an x € q(A)* with
xa C A.

For a fractional ideal a, let

a'=(A:a)={xeq(A) | xaC A} and a, =(a )"

A fractional ideal a is divisorial if a = a,

(Conference on Rings and Factorizations) Cluster algebras: Factoriality & class groups February 23, 2018 10 / 18



Class group of a Krull domain A

A fractional ideal is an A-submodule a C q(A) such that there exists an x € q(A)* with
xa C A.

For a fractional ideal a, let

a'=(A:a)={xeq(A) | xaC A} and a, =(a )"

A fractional ideal a is divisorial if a = a,

Take

@ F.,(A)* the set of nonzero divisorial fractional ideals.

Q@ H(A)={xA|x e q(A)*} C F,(A)* the subgroup of nonzero principal fractional
ideals.

Definition
The (divisor) class group of A is C(A) = F,(A)* /H(A).
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Previous results in factorization

Let A be a domain, TFAE:

Q@ A is factorial.
@ A is atomic and every atom of A is a prime element.
@ Ais a Krull domain and C(A) is trivial.

For cluster algebras, Geiss—Leclerc=Schréer have shown the following.

Let X = (x,B) be a seed, x = (X1, ..., Xn, Xn+1, - - -, Xntm). Let A= A(X).

@ Any exch. cluster variable is an atom.

@ The group of units of A is

A =KX x (x| j€[n+1,n+ m]).
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First main result

Let A(X) be a cluster algebra that is a Krull domain. Let t € Z>( denote the number of
height-1 prime ideals that contain one of the exchangeable variables x1, ..., x,.

@ The class group C(A(X)) is a free abelian group of rank t — n.

@ If n4+m > 0, that is A(X) # K, then each class contains exactly card(K) height-1
prime ideals.
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First main result

Let A(X) be a cluster algebra that is a Krull domain. Let t € Z>( denote the number of
height-1 prime ideals that contain one of the exchangeable variables x1, ..., x,.

@ The class group C(A(X)) is a free abelian group of rank t — n.

@ If n4+m > 0, that is A(X) # K, then each class contains exactly card(K) height-1
prime ideals.

A result from Keinrath, implies that:

Let A(X) be a cluster algebra that is a Krull domain and suppose that A(X) is not
factorial. Let L C Z>> be a finite set. Then there exists an element a € A(X)® such that
L(a) = L.
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Acyclic case

Let A(X) be an acyclic cluster algebra. We define an equivalence relation, and
equivalence classes over the set of vertices [1, n] of ['(B).
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Acyclic case

Let A(X) be an acyclic cluster algebra. We define an equivalence relation, and
equivalence classes over the set of vertices [1, n] of ['(B).

@ Two indices i, j € [1, n] are partners if the exchange polynomials f; and f; have a
non-trivial common factor in K[x].

@ Partnership is an equivalence relation on the set [1, n]. An equivalence class is called
a partner set.
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Acyclic case

Let A(X) be an acyclic cluster algebra. We define an equivalence relation, and
equivalence classes over the set of vertices [1, n] of ['(B).

@ Two indices i, j € [1, n] are partners if the exchange polynomials f; and f; have a
non-trivial common factor in K[x].

@ Partnership is an equivalence relation on the set [1, n]. An equivalence class is called
a partner set.

Partnership is very easy to compute from '(B).

The factorization of the exchange polynomials f; is in correspondence with the
factorization of the cyclotomic polynomial ®4 over K.
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Second main result

Let A be a cluster algebra with acyclic seed ¥. Then TFAE.
Q@ A is factorial.

@ The exchange polynomials fi, ..., f, are prime elements in K[x] and pairwise
distinct.
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Second main result

Let A be a cluster algebra with acyclic seed ¥. Then TFAE.

@ A is factorial.

@ The exchange polynomials fi, ..., f, are prime elements in K[x] and pairwise
distinct.

Corollary

Let B be skew-symmetric and s.t. ['(B) has no parallel arrows and X = (x, B). Then
A(X) is factorial if and only if every partner set V is a singleton. (That is, [(B) admits
no partners i # j).

Corollary

| N\

Suppose that ¥ = (x, B) is acyclic and has principal coefficients. Then the cluster
algebra A(X) is factorial.

14 / 18
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Third main result

ty(K): set of d-th primitive roots of unity in K; d;: g.c.d (column i of B)

vk(d): the number of irreducible factors of the cyclotomic polynomial ®4 over K.
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Third main result

ty(K): set of d-th primitive roots of unity in K; d;: g.c.d (column i of B)

vk(d): the number of irreducible factors of the cyclotomic polynomial ®4 over K.

Theorem [-LS]

Let X = (x, B) be an acyclic seed. For a partner set V C [1,n] and d € Z>1, let
@ c(V,d) denote the number of i € V for which d divides dj,
@ ¢(V) = va(d;) be the 2-valuation of d; for i € V (this is independent of /).

Then the class group of A(X) is a finitely generated free abelian group of rank

r = E rv,

\%
V a partner set

where
v =2YI—1—|V| if V is the partner set of isolated indices,

= Y @ - u @) - v

deZs,
d odd

and otherwise
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Recall the example (long ago), n = 3, m = 1, take the initial seed ¥ = ((x1, ..., x), B),

0 0o -2
0 0 3
B= 2 -3 0
-1 0 0

The exchange polynomials are

fi=xi+x ; h=x5+1=(a+1)(3F—x+1) ; B=x+x3
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Recall the example (long ago), n = 3, m = 1, take the initial seed ¥ = ((x1, ..., x), B),

0 0o -2
0 0 3
B= 2 -3 0
-1 0 0

The exchange polynomials are

fi=xi+x ; h=x5+1=(a+1)(3F—x+1) ; B=x+x3

Also d; = 1,d, = 3,d3 = 1. There are no common factors, so the partner sets are
singletons. If K = Z (or Q) then vk (25" *1d) = 1 for all d.

r=Y" =250 1 ) 4 U — 14 2B 1 (o} =1
v

For A(X), considered as a Q-algebra, the class group is Z.
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Further questions

@ Explore the case of locally acyclic cluster algebras. 'Cluster like' algebras, like LP
algebras.

@ Every locally acyclic cluster algebra is a Krull domain. Not every cluster algebra is a
Krull domain. We lack an exact classification of which cluster algebras are Krull
domains.

@ Investigate the divisor-closed submonoid of a cluster algebra generated by its initial
cluster, respectively, by all cluster variables.

@ Any Krull domain A possesses a transfer homomorphism to a monoid of zero-sum
sequences B(Gy), where G is the subset of the class group of A containing height-1
prime ideals. The atoms in B(Go) are the minimal zero-sum sequences over Go. If A
is a cluster algebra, each cluster variable is an atom, and hence gives rise to such a
minimal zero-sum sequence. It may be interesting to see which minimal zero-sum
sequences arise in this way.

o Cluster algebra machinery is applied in a lot of contexts in mathematics. The fact
that a certain cluster algebra is factorial may be used in these contexts.
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For more on this ...

Google

Factoriality and class groups of cluster algebras.
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For more on this ...

Google

Factoriality and class groups of cluster algebras.

Thank you for your attention. | hope you had a good time in Graz.
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