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One century ago: the notion of Pólya field

Pólya & Ostrowski. Let K be a number field and

Int(OK ) = {f (X ) ∈ K [X ] | f (OK ) ⊆ OK}.
Does this OK -module admits a basis with one polynomial of each degree?

Example ( Int(Z) :
󰀃
X
n

󰀄
= X (X−1)···(X−n+1)

n!
(n ≥ 0) . )

Theorem (Pólya & Ostrowski 1919)

Int(OK ) admits such a basis if and only if for every positive integer q the
product of all the maximal ideals of OK with norm q is a principal ideal.

Definition (Zantema, 1982)

A Pólya field is a number field K such that Int(OK ) admits a basis with
one polynomial of each degree, equivalently, such that

∀q Πq(K ) =
󰁔

p∈Max(OK ), |OK/p|=q p is principal.
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Twenty years ago: Pólya groups

Integer-valued polynomials, 1997:
The Pólya group is a measure of the obstruction for K to be a Pólya field.

Definition

The Pólya group of a number field K is the subgroup Po(K ) of the class
group Cl(K ) = IK/PK generated by the classes of the Πq(K )’s.

K is a Pólya field ⇔ Po(K ) = {1}

Proposition (Hilbert, 1897)

Let K = Q(
√
d) and let t be the number of ramified primes. Then,

|Po(K )| =
󰀝

2t−2 if K is real and N(O×
K ) = {1}

2t−1 in the other cases

Application: the list of the quadratic Pólya number fields (cf. Zantema).
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The aim of my talk

K is a Pólya field ⇔ Po(K ) = {1}
Each assertion about Pólya groups implies a result concerning Pólya fields.

Proposition

If [K : Q] = p (p odd) with t ramified primes, then |Po(K )| = pt−1

Corollary

If [K : Q] = p (p odd), then: K is Pólya ⇔ only one prime is ramified.

Conjecture

An assertion on Pólya fields is the evidence of a statement on Pólya groups

Example (Zantema)

If K/Q is a non-galoisian cubic extension, then: K is Pólya ⇔ hK = 1.
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The aim of my talk

K is a Pólya field ⇔ Po(K ) = {1}
Each assertion about Pólya groups implies a result concerning Pólya fields.

Proposition

If [K : Q] = p (p odd) with t ramified primes, then |Po(K )| = pt−1

Corollary

If [K : Q] = p (p odd), then: K is Pólya ⇔ only one prime is ramified.

An assertion on Pólya fields is the evidence of a statement on Pólya groups

Example (Zantema)

If K/Q is a non-galoisian cubic extension, Po(K ) = {1} ⇔ Cl(K ) = {1}

Conjecture

If K/Q is a non-galoisian cubic extension, then Po(K ) = Cl(K ).
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Galoisian extensions

Q

K0

K1 K2

L

K1/Q et K2/Q Galois

L = K1 · K2

K0 = K1 ∩ K2

Proposition (Zantema) (Hyp: ∀p ep(K1/Q), ep(K2/Q)) = 1)

K1 and K2 Pólya ⇒ L Pólya

Notation: εLKi
: a ∈ Cl(Ki ) 󰀁→ aOL ∈ Cl(L) εLKi

(Po(Ki )) ⊆ Po(L)

Proposition (Revisited) (Hyp: ∀p ep(K1/Q), ep(K2/Q)) = 1)

Po(L) = εLK1
(Po(K1)) + εLK2

(Po(K2))
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The reverse implication

Proposition (Zantema)

If K0 is Pólya and if ([K1 : K0], [K2 : K0]) = 1, then:
L Pólya ⇔ K1 and K2 Pólya

Proposition (Revisited)

If K0 is Pólya and if ([K1 : K0], [K2 : K0]) = 1, then:
Po(L) ≃ Po(K1)⊕ Po(K2)

Proposition (Zantema)

If [K1 : K0], [K2 : K0] and [K0 : Q] are pairwise relatively prime, then:
L Pólya ⇔ K1 and K2 Pólya

Proposition (Revisited)

If [K1 : K0], [K2 : K0] and [K0 : Q] are pairwise relatively prime, then:

Po(L) ≃ Po(K0) ⊕ Po(K1)/ε
K1
K0
(Po(K0)) ⊕ Po(K2)/ε

K2
K0
(Po(K0))
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Non Galoisian extensions

[K : Q] = n ≥ 3, NK normal closure of K over Q, G = Gal(NK/Q)

Theorem (Zantema)

If G = Sn (n ∕= 4), or G = An (n ∕= 3, 5), or G is a Frobenius group,
the following assertions are equivalent:

(i) all the Πpf (K ) where p is not ramified are principal

(ii) all the Πq(K ) are principal, i.e., K is Pólya.

(iii) all the ideals of OK are principal, i.e., hK = 1.

Po(K ) = 〈Πpf (K ) | p ∈ P, f ∈ N∗〉 Po(K )nr = 〈Πpf (K ) | p not ramif.〉
Po(K )nr ⊆ Po(K ) ⊆ Cl(K ) .

Theorem (Zantema’s theorem in other words)

If G = Sn (n ∕= 4), or G = An (n ∕= 3, 5), or G is a Frobenius group, then

Po(K )nr = {1} ⇔ Po(K ) = {1} ⇔ Cl(K ) = {1}
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Non Galoisian extensions

[K : Q] = n ≥ 3, NK normal closure of K over Q, G = Gal(NK/Q)

Theorem (Zantema)

If G = Sn (n ∕= 4), or G = An (n ∕= 3, 5), or G is a Frobenius group, then

Po(K )nr = {1} ⇔ Po(K ) = {1} ⇔ Cl(K ) = {1}

My Unreasonable Conjecture

If G = Sn (n ∕= 4), or G = An (n ∕= 3, 5), or G is a Frobenius group, then

Po(K )nr = Po(K ) = Cl(K )
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Q

K

HK HK class field of K

NH NH normal closure of HK over Q

G

H

H1

H/H1

H/H1 = Gal(HK/K ) ≃ Cl(K )

γK : a ∈ Cl(K ) 󰀁→ (a,HK/K ) ∈ Gal(HK/K )

Artin’s symbol (a,HK/K ) is defined linearly from its values on the primes

σ = (p,HK/K ) characterized by σ(a) ≡ aq (mod pOHK
) with q = |OK/p|
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The action of G on the right cosets of H in G

H has n right cosets in G of the form Hsi (1 ≤ i ≤ n)

By its action on these cosets, G is isomorphic to a subgroup of Sn

Let T be the set formed by the elements of H whose action on the cosets
has no fixed point except H itself.

Recall that γK : Cl(K )
∼−→ Gal(HK/K ) = H/H1

Thanks to

󰀝
the properties of Artin’s symbols
the decomposition of permutations in disjoint cycles

one may prove that:

Lemma (A) ( γK (Po(K )nr ) ⊇ T mod H1 )

Lemma (B) ( H = 〈T ,H1〉 ⇒ Po(K )nr = Po(K ) = Cl(K ) )
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The normal closure of K

Q

K

HK

NH

H1

H

G

NK

H0

G0

H2 Gal(NH/NK ) = H2

Gal(NK/Q) = G0 = G/H2

Gal(NK/K ) = H0 = H/H2

(G ,H,T ) 󰀁→ (G0,H0,T0)

Lemma C. T0 ∕= ∅ ⇒ T ∕= ∅ ⇒ H2 ⊆ 〈T 〉

Lemma D. T0 ∕= ∅ and H0 = 〈T0,H
′
0〉 ) ⇒ H = 〈T ,H1〉
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Conclusion

Theorem (Let K be a number field of degree n ≥ 3)

Let NK be the normal closure of K, G0 = Gal(NK/Q), H0 = Gal(NK/K ),
and T0 be the set formed by the elements of H whose action on the cosets
of H0 in G0 admits only one fixed point, namely H0.

If T0 ∕= ∅ and H0 = 〈T0,H
′
0〉, then Po(K )nr = Po(K ) = Cl(K ) .

Corollary (The unreasonable conjecture is true)

If G = Sn (n ∕= 4), or G = An (n ∕= 3, 5), or G is a Frobenius group, then

Po(K )nr = Po(K ) = Cl(K ) .

(♥) For any number field K chosen at random, with probability 1

Gal(NK/Q) ≃ Sn, and hence, Po(K ) = Cl(K ).

The End
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