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Background

Background

Let R be a finite commutative ring with unity.

@ A function F : R — R is said to be a polynomial function
over R if there exists a polynomial f(x) € R[x] such that
f(a) = F(a) for every a € R. In this case we say that F is the
induced function of f(x) over R and f(x) represents (induces)
F.

o If F is a bijection then F is called a permutation polynomial.

o Let f(x) € R[x] such that f(a) = 0 for every a € R. f(x) is
called null polynomial over R. In particular if R = Z,, f(x)
called null polynomial (mod m).
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e F(R) denote the set of polynomial functions over R.
@ P(R) denote the set of permutation polynomials over R.

@ 1(m) denote the Kempner's function, the smallest positive
integer such that m divides p(m)!.
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Background

Background

Throughout:
e F(R) denote the set of polynomial functions over R.
@ P(R) denote the set of permutation polynomials over R.

@ 1(m) denote the Kempner's function, the smallest positive
integer such that m divides p(m)!.

e f'(x) denote the formal derivative of f(x).
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Dual Numbers

When R is a commutative ring, then R[«] designates the result of
adjoint a to R with a? = 0; that is, R[a] is R[X]/(Xg), where o
denote x + (x2).
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Dual Numbers

Dual Numbers

When R is a commutative ring, then R[«] designates the result of
adjoint a to R with a? = 0; that is, R[a] is R[X]/(Xg), where o
denote x + (x2). Simply R[a] = {a+ ba : a,b € R}

Amr Al-Maktry, Hasan Al-Ezeh, Sophie Frisch Polynomial Functions of the Ring of Dual Numbers Modulo m



Dual Numbers

Let R be a commutative ring, then
Q Fora,a',b, b € R. We have
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Let R be a commutative ring, then
Q Fora,a',b, b € R. We have
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Let R be a commutative ring, then
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@ R[a] is a local ring iff R is a local ring.
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Dual Numbers

Let R be a commutative ring, then
Q Fora,a',b, b € R. We have
o (a+ ba)(d + ba)=ad + (ab' + a'b)x
o (a+ ba) is a unit in R[«] iff a is a unit in R.
o f(a+ ba) = f(a)+ bf'(a)a for every f(x) € R[x]
@ R[a] is a local ring iff R is a local ring.
© If R is a local ring with a maximal ideal m has nilpotency n.
then R[a] is a local ring whose maximal ideal m + aR has
nilpotency n + 1
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Dual Numbers

Dual Numbers

Definition (Frisch (1999))

Let R be a finite commutative local ring with a maximal ideal m
whose nilpotency K € N. We call R suitable, if for all a, b € R and
al €N, abem/ = acm’ and b € w/ with i 4 j > min(K, /).
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Dual Numbers

Dual Numbers

Definition (Frisch (1999))

Let R be a finite commutative local ring with a maximal ideal m
whose nilpotency K € N. We call R suitable, if for all a, b € R and
al €N, abem/ = acm’ and b € w/ with i 4 j > min(K, /).

Proposition

Let R be a finite commutative local ring. Then R[«] is suitable iff
R is a field.
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Dual Numbers

Dual Numbers

Definition (Frisch (1999))

Let R be a finite commutative local ring with a maximal ideal m
whose nilpotency K € N. We call R suitable, if for all a, b € R and
al €N, abem/ = acm’ and b € w/ with i 4 j > min(K, /).

Proposition

Let R be a finite commutative local ring. Then R[«] is suitable iff
R is a field. In particular Zp[c] is suitable iff n = 1.
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Null polynomials over Zp,[c]

Null polynomials over Z,[«]

Proposition

Suppose that f(x) = fi(x) + f(x)a, where fi(x), f2(x) € Z[x].
Then f(x) is a null polynomial over Zn|a] iff fi(x), f{(x) and
f(x) are null polynomials modulo m.
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Null polynomials over Zp,[c]

Null polynomials over Z,[«]

Proposition

Suppose that f(x) = fi(x) + f(x)a, where fi(x), f2(x) € Z[x].
Then f(x) is a null polynomial over Zn|a] iff fi(x), f{(x) and
f(x) are null polynomials modulo m.

f(x) = (X)2“(m) = H?“(m (x J) is a null polynomials over

=0
Zm|a].
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Null polynomials over Zp,[c]

Null polynomials over Z,[«]

Theorem

Let n < p. For f(x) = Y1 o(fu(x)(xP — x)¥) € Z[x],
fr(x) = Zf;ol ajx). Then f(x), f'(x) are null polynomials modulo

p" iff
ajo = 0 (mod p"),
ax = 0 (mod p" K1) if1 < k < n,
o {O(modp) if n<p,
no 0 (mod p°) if n=p,
ajx = 0 (mod p°) ifk >n. For0<j<p—1.
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Null polynomials over Zp,[c]

Null polynomials over Z,[«]

Corollary

Let n < p and f(x) € Z|x] such that f(x), f'(x) are null
polynomials (mod p") with deg f < (n+ 1)p — 1 with coefficient
reduced (mod p"). Let N denote the number of all polynomials

f(x).

n(n—1)p )

p 2 if n<p,
Then N = Popip

p 2 if n=p.
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Polynomial Functions over Zm[a]

Polynomial Functions over Z[a]

Let F : Zp[a] — Zm[a] defined by F(i + ja) = ¢ + d ja,
where ¢, d(i jy € Zm for i,j=0,1,...m—1. T FAE:
e F is a polynomial function over Zm|c].
o F induced by f(x) = 2  apxk + S bixlav.
@ The system of linear congruences,
Zi#ol i*x, = ¢
St kik lJXk + 305 iy = diijy (mod m)
I, j= 0 1,. — 1, has a solution x; = ay, y; = by for
k:O,l,...,2u— 1,1=0,1,...,u—1.
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Polynomial Functions over Zm[a]

Polynomial Functions over Z[a]

Let f(x) = fi(x) + fa(x), where fi(x), f2(x) € Z[x]. Then f(x) is
a permutation polynomial over Zpn[c] iff fi(x) is a permutation
polynomial (mod p) and f{(a) # 0 for every a € Zp,.
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Polynomial Functions over Zm[a]

Polynomial Functions over Z,[c]

Let Staby(Zm) = {F € P(Zm[a]) : F(a) = a for every a € Zp,}.
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Polynomial Functions over Zm[a]

Polynomial Functions over Z[a]

Let Staby(Zm) = {F € P(Zm[a]) : F(a) = a for every a € Zp,}.

Proposition

Let m = pfl...p,’:k where p1, .., pi are distinct primes and suppose
that nj > 1 for j =1,..,k. Then Staby(Zm) = {F € P(Zm|[c]) :
F is represented by x + h(x), h(x) € Z[x] where h(x) is a null
polynomial modulo m}.
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Counting Formulas

Counting Formulas

Let n > 1. The number of polynomial functions over Zyn[c] is
given by | F(Zpn[a])| = |F(Zpn)|? x |Staba(Zp)|.
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Counting Formulas

Counting Formulas

Let n > 1. The number of polynomial functions over Zyn[c] is
given by | F(Zpn[a])| = |F(Zpn)|? x |Staba(Zp)|.

Theorem

Let n > 1. The number of permutation polynomials over Zpn[c] is
given by [P(Zpe[a])| = | F(Zpn)| X [P(Zp)| X |Staba(Zpr)|-
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Counting Formulas

Counting Formulas

Proposition
Letl<n<p
p"P if n<p,

Staby (Zyn)| =
‘ a (P)‘ p(p—l)p if n=p.
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Counting Formulas

Counting Formulas

For n < p the number of polynomial functions over Zyn[c| is given
by

p(m*+2n)p if n<np,

‘]:(Zp"[a])‘ = {p(p2+2p—1)P if n= p.

Amr Al-Maktry, Hasan Al-Ezeh, Sophie Frisch Polynomial Functions of the Ring of Dual Numbers Modulo m



Counting Formulas

Counting Formulas

For n < p the number of polynomial functions over Zpn[c] is given
by

p(m*+2n)p if n<np,

‘]:(Zp"[a])‘ = {p(p2+2p—1)P if n= p.

For n < p the number of permutation polynomials over Zpn[c] is

p!(p — 1)Pplm+20=2p jf n < p,

given by |P(Zpn[a])| = {p!(p _ 1)PP(P2+2P—3)P if n=np.
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Some Generalizations

Some Generalizations

Let Zpn[aa, ..., cx] = {a+ brag + ... + bray : ajaj = 0, a, b; €
Zpn for i,j=1,.., k}.
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Some Generalizations

Let Zpn[aa, ..., cx] = {a+ brag + ... + bray : ajaj = 0, a, b; €
Zpn for i,j =1,..,k}.Then:
Q@ Forn>1, |F(Zp[az,...,x])| = |F(Zpn) K1 x |Staba(Zpn)|-
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Let Zpn[aa, ..., cx] = {a+ brag + ... + bray : ajaj = 0, a, b; €
Zpn for i,j =1,..,k}.Then:
Q@ Forn>1, |F(Zp[az,...,x])| = |F(Zpn) K1 x |Staba(Zpn)|-
@ Forn<p,

2 n(n+1)(k=1)p .
(n +2n)pp 7 if n< p,

O |]:(Zp” [041, ey Oék])| = {p(p2+2p1)ppn(n+1)§k—1)p if ni= p.

Amr Al-Maktry, Hasan Al-Ezeh, Sophie Frisch Polynomial Functions of the Ring of Dual Numbers Modulo m



Some Generalizations

Some Generalizations

Let Zpn[aa, ..., cx] = {a+ brag + ... + bray : ajaj = 0, a, b; €
Zpn for i,j =1,..,k}.Then:
Q@ Forn>1, |F(Zp[az,...,x])| = |F(Zpn) K1 x |Staba(Zpn)|-
@ Forn<p,

2 n(n+1)(k=1)p .
(n +2n)pp 7 if n< p,

p(p2+2p,1)ppw

o |[F(Zp[aa, ..., cu])| = .
if n=p.
o [P(Zproa, ..., au])| =

P'(p _ 1)pp(n2+2n—2)ppﬂ("+1)§k*1)p if n< D,

p(pt1)(k—=1)p
2

pl(p — 1)Pp(P*+2e=3)pp" if n=p.
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