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Theorem (Erdos-Ginzburg-Ziv, 1961)

Let n € N. Given a1, ay,...,ax,_1 € 7, there exist
1<i<h<---<ip<2n-1
such that

ajp+ajp,+---+a,=0 (mod n).

The number 2n — 1 is the best possible, since the sequence

0,0,...,0,1,1,...,1
S— ——

n—1 times n—1 times

has no subsequence of length n and sum 0 € Z,,.
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Definition (small Davenport constant)

Let G a finite group (written multiplicatively). The small Daven-
port constant of G, d(G), is the smallest number such that every
sequence with d(G) elements in G (repetition allowed) contains
some subsequence such that the product of its terms in some order
is1.

e For every finite group G, we have d(G) < |G]|.

e If G, is the cyclic group of order n then d(C,) = n.
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If G=Cpy x---x Cp, and nq]...|n, then

d(G)>1+ i(n; ~1).
i=1

Olson (1969) proved that the equality holds if each n; is a power
of a prime or if r = 2.

There are groups with r > 4 such that the inequality is strict.

P. van Emde Boas & Kruyswijk (1969) proved that if G is a
finite abelian group then

d(G) < exp(G) [1 + log (ex|pG(|G)>] |
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Inverse zero-sum problems

Let G a finite group written multiplicatively. By definition, there
exist sequences S = (x1,X2, - - -, Xg(G)—1) of G such that

Xip * Xip ++ « X 75 1
for every non-empty subset {i, i2,..., ik} € {1,2,...,d(G) — 1}.
The inverse zero-sum problems study the structure of these extre-

mal sequences which are free of product-1 subsequences with some
prescribed property.
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The inverse problems associated to the Davenport constant were
solved for few abelian groups. For example:

Theorem (Inverse problem in C, wrt Davenport constant [6])

Let n > 3 and S be a sequence in C, free of product-1 subsequences.
Then there exist some g € S with multiplicity

>2|S|—n+1.

In particular,

S|=n—-1=S=(g,...,8), where g generates Cp,.
N——

n—1 times



Inverse zero-sum problems

@O0

Metacyclic Groups

Let g € N, m > 2 be a divisor of ¢(q) and s € Z such that s™ =
(mod g). Denote by C; x5 Cp the Metacyclic Group, i.e. the
group generated by x and y with relations:

xM=1, y9=1yx=xy°.
Bass [2] showed that if g is a prime and ordg(s) = m then

d(Cqgxs Cp) =m+q—1.
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Theorem (Brochero Martinez, Ribas [3])
Let S be a sequence in the metacyclic group Cq x5 Cp,, where q is
a prime and ordy(s) = m, with |S| =m+ q — 2.

1. If (m,q) # (2, 3) then the following statements are equivalent:

1.i S is free of product-1 subsequences;
1ii Forsomel <t<qg-—1,1<i<m-—1 withged(i,m) =1
and0§ Viy..oyVUm—1 < q—].,

1

S:(.yt’"'7yt’X’.yyl""3X..yVm71)'
——

q—1 times

2. If (m,q) = (2,3) then S is free of product-1 subsequences if
and only if S = (y*, yt, xy") for t € {2,3} and v € {0,1,2} or
S = (x, xy, xy?).
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Definition (A-weighted Davenport constant)

Let G be an abelian group and A C Z. The A-weighted Davenport
constant of G, Da(G), is the smallest positive integer such that
every sequence xi,...,Xp,(G) of G has a non-empty subsequence
(x;,)i such that

t
E :5"XJ',' =0
i=1

for some €; € A.
e For every finite abelian group G, we have Da(G) < d(G).

e Da(G) is only known for some weight-sets A and some “small”
groups G. For example:

Theorem (Adhikari, et al [1])

Di113(Cn) = |logy n] + 1.
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Dihedral Groups

Let n > 3 be an integer. Denote by Dy, ~ (C,x_1 () the Dihedral
Group, i.e. the group generated by x and y with relations:

x>=1 y"=1, yx=xy L

Zhuang and Gao [7] showed that d(D2,) = n+ 1.

Theorem (Brochero Martinez, Ribas [4])
Let S be a sequence in the dihedral group D>, with n elements.
1. If n > 4 then S is free of product-1 subsequences if and only if
5: (yt7"'7yt7xys)7
——
n—1 times
for some 1 <t <n—1 withged(t,n)=1and0<s<n-1.
2. Case n = 3 is the same than case (m, q) = (2,3) of metacyclic
groups.
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Sketch of the proof

Let H be the normal cyclic subgroup of order n generated by y and
let
N =Dy, \H=x-H.

Define k € N by the equation
ISNH|=n—k.

The case k = 0 implies we have n elements in H, therefore there
exist a product-1 subsequence.

The case k =1 gives us the desired sequences.
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Suppose SN N = (xy™,...,xy*). We have

Xya; X Xya_,- — yoej—oz,-‘

If k> 2 is"small” then almost every elements from SN H are equal,
and it is easy to exhibit a product-1 subsequence which involves pairs
of elements from SN N.

If kK > 2 is“large” then there exist a combination of a suitable subset
of

{£(o1 — a2), £(az — aa), ..., T k/2)—1 — @2k/2))}

summing 0 (by inverse Davenport constant of C,), so we are done.
O
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Dicyclic Groups

Let n > 2 be an integer. Denote by Q4, the Dicyclic Group, i.e.
the group generated by x and y with relations:

1

2n—1, yx=xy L

=y y
Bass [2] showed that d(Qs,) = 2n+ 1.
If n = 2 then Qg is isomorphic to the well-known Quaternion

Group:
(evivj, kli? =2 = K = ijk = e, = 1).

The sequences with 4 elements in the quaternion group which are
free of product-1 subsequences are (i, i, i, £j) and their respective
simmetrics.
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Theorem (Brochero Martinez, Ribas [4])
Let S be a sequence in the dicyclic group Q4. with 2n elements.
1. If n > 3 then the following statements are equivalent:

1.i S is free of product-1 subsequences;
lii Forsomel <t < n—1 withgcd(t,2n) =1and0<s<2n-1,

S=(y. .., yLxy°).
——
2n—1 times
2. If n =2 then S is free of product-1 subsequences if and only
if, for some r € Z; and s € Z4, S has one the following forms:

Oy oxy®), (v xy®, xy®, xy®) or (xy®, xy®, xy®, xy" ).

This theorem is a corollary of the theorem for dihedral groups. The
idea to prove it is using the equation Q4,/{1,y"} ~ Ds,.
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The group C, x5 G, with s # +1 (mod n)

Theorem (Brochero Martinez, Ribas [5])

Let n € N such that there exist s € Z7, satisfying s> = 1 (mod n)
but s # £1 (mod n). Also, let n; = gecd(s + 1,n), np, = n/ny and
assume that gcd(ny, np) = 1. Then

D{ljs}(C,,) < min{m(|logo n] +1) , 2n+ [n/2]}.

Theorem (Brochero Martinez, Ribas [5])

Let n, s, ny and ny as above. Suppose that S is a sequence with n
elements in the group G = C, x5 C; and assume min{ny, np} > 20.
Then S is free of product-1 subsequences if and only if

S=(y'...,y",xy"), forsomet € Z' and r € Z,.

n—1 times
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