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expansion.

e A digital semigroup D is a subsemigroup of (N\{0}, -) such thatif d € D
then {x € N\{0} | ¢(x) = ¢(d)} C D.

e A numerical semigroup S is a submonoid of (N, +) such that N\ S is finite
(another definition: such that ged(S) = 1).

e The largest integer belonging to Z\(S) is the Frobenius Number of S,
denoted by F(S).

e For ACN,
<A>={Mxy+- -+ Xp | nEN\{0},Xxq,....,xs € Aand \y,..., Ay € N}

e L(A)={l(a) | ac A}, for Aa subset of N\{0}.
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If D is a digital semigroup, then L(D) U {0} is a numerical semigroup.
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Let S be a LD-semigroup, then S = L(D) U {0}.
Let x € S\{0}, then x = /(d) for some d € D. Then 10*~! ¢ D and thus
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LD-semigroups

If D is a digital semigroup, then L(D) U {0} is a numerical semigroup. \

A numerical semigroup S is called LD-semigroup if there exists a digital
semigroup D such that S = L(D) U {0}.

Let S be a LD-semigroup, then S = L(D) U {0}.
Let x € S\{0}, then x = /(d) for some d € D. Then 10*~! ¢ D and thus
10%*=2 ¢ D. So we have that /(10®—2) =2x —1 € L(D)u {0} = S

If S is a LD-semigroup and x € S\{0} then2x —1 € S \

Observe that not every numerical semigroup is a LD-semigroup.
For example, S =< 4,5 > is not a LD-semigroup, because 2 x 4 — 1 ¢ S.
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LD-semigroups

Let x and y be positive integers. Then ¢(xy) € {¢(x) + ¢(y), {(x) + £(y) — 1}.
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LD-semigroups

Let x and y be positive integers. Then £(xy) € {¢(x) + £(y), 4(x) + £(y) —1}.

Let S be a numerical semigroup. The following conditions are equivalent.
1) S is a LD-semigroup.
2) Ifa,be S\{0} thena+b—1¢€S.
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LD-semigroups

Let x and y be positive integers. Then ¢(xy) € {¢(x) + ¢(y), {(x) + £(y) — 1}.

Let S be a numerical semigroup. The following conditions are equivalent.

1) S is a LD-semigroup.
2) Ifa,be S\{0} thena+b—1¢€S.

Let D = {D| D is a digital semigroup} and let £ = {S | S is a LD-semigroup}.

The correspondence ¢ : D — L, defined by (D) = L(D) U {0}, is a bijective
map. Furthermore its inverse is the map 6 : L — D,
0(S) = {ae N\{0} | {(a) € S}.

So,
D = {6(S) | S is a LD-semigroup} .
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Frobenius variety of LD-semigroups

A Frobenius variety is a nonempty set V of numerical semigroups fulfilling the
following conditions:

1. ifSand T areinV ,thensois SN T;
2. if Sisin V anditis not equal to N, then SU {F(S)} isin V.
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A Frobenius variety is a nonempty set V of numerical semigroups fulfilling the
following conditions:

1. ifSand T areinV ,thensois SN T;
2. if Sisin V anditis not equal to N, then SU {F(S)} isin V.

Proposition

Let L ={S | S is a LD-semigroup}. The set L is a Frobenius variety.
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Frobenius variety of LD-semigroups

A graph is a pair G = (V, E), where V is a nonempty set and E is a subset of
{(v,w) e V x V| v# w}. The elements of V are called vertices of G and the
elements of E are its edges. A path of length n connecting the vertices x and
y of G is a sequence of distinct edges of the form (v, vy),

(v1, v2),. . (Vn_1, V) such that vy = x and v, = y. Agraph G=(V,E) is a
tree if there exists a vertex r (known as the root of G) such that for every other
vertex x there exist a unique path connecting x and r. If (x, y) is an edge of a
tree, then we say that x is a son of y.
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A graph is a pair G = (V, E), where V is a nonempty set and E is a subset of
{(v,w) e V x V| v# w}. The elements of V are called vertices of G and the
elements of E are its edges. A path of length n connecting the vertices x and
y of G is a sequence of distinct edges of the form (v, vy),

(v1, v2),. . (Vn_1, V) such that vy = x and v, = y. Agraph G=(V,E) is a
tree if there exists a vertex r (known as the root of G) such that for every other
vertex x there exist a unique path connecting x and r. If (x, y) is an edge of a
tree, then we say that x is a son of y.

Let £ ={S| Sis a LD-semigroup}. We define the graph G(L£) as the graph
whose vertices are the elements of £ and (S, S') € £ x L is an edge if
S’ = SU{F(S)}.

The graph G(L) is a tree rooted in N. Moreover, the sons of a vertex S € L
are S\ {x1},..., S\ {x;} with
{x1,...,x }={x € msg(S) | x > F(S) and S\ {x} € L}
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Frobenius variety of LD-semigroups

Figure: The tree of LD-numerical semigroups
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The smallest digital semigroup containing a set of positive
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The smallest digital semigroup containing a set of positive
integers

The intersection of digital semigroups is also a digital semigroup. \

Given X C N\{0}, we denote by D(X) the intersection of all digital
semigroups containing X

D(X) is the smallest (with respect to set inclusion) digital semigroup
containing X

Given A C N, we denote by £(A) the intersection of all LD-semigroups
containing A. ltis clear that £(A) is a submonoid of (N, +)

Proposition

Let A be a nonempty subset of N\ {0}. Then L(A) is a LD-semigroup.
Moreover, L(A) is the smallest LD-semigroup containing A.
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The smallest digital semigroup containing a set of positive
integers

Proposition

Let X be a nonempty subset of N\ {0}. Then S is the smallest LD-semigroup
containing L(X) if and only if (S) is the smallest digital semigroup containing
X.

Given a positive integer n, we denote by A(n) = {x € N\{0} | 4(x) = n}.
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The smallest digital semigroup containing a set of positive
integers

Proposition

Let X be a nonempty subset of N\ {0}. Then S is the smallest LD-semigroup
containing L(X) if and only if (S) is the smallest digital semigroup containing
X.

Given a positive integer n, we denote by A(n) = {x € N\{0} | 4(x) = n}.

Example

Let us compute the smallest digital semigroup that contains {1235, 54321}
The smallest LD-semigroup that contains L(1235,54321) = {4,5} must
contain the number 7 (2x — 1 € S)

So, < 4,5,7 > is a LD-semigroup.

Hence £({4,5}) =< 4,5,7 >.

Applying the previous result, we get that

D({1235,543221}) = 0(< 4,5,7 >) = N\(A(1) UA(2) U A(3)U A(6) U{0})

o’
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The smallest LD-semigroup containing a set of positive integers

Proposition

Let S be a numerical semigroup minimally generated by {n;,...,n,}. The
following conditions are equivalent:

1. Sis a LD-semigroup;
2. ifi,je{1,...,p} thenni+nj—1¢€S;
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The smallest LD-semigroup containing a set of positive integers

Proposition

Let S be a numerical semigroup minimally generated by {n;,...,n,}. The
following conditions are equivalent:

1. Sis a LD-semigroup;
2. ifi,je{1,...,p} thenni+nj—1¢€S;

algorithm

Input: A set of positive integers A.

Output: The minimal system of generators of the smallest LD-semigroup
containing the set A.

1) B =msg((A))
2) ifa+b— 1€ (B) forall a,b € B, then return B.
3) A=Bu{a+b-1|abeBanda+b—1¢(B)} andgoto 1).
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Let us compute the smallest LD-semigroup that contain {5}. To this end we
use the previous algorithm. The values arising for A and B are:

° A:{5};
e B={5};
o A={5,9};
e B={5,9};

A={5,9,13,17};
B={5,9,13,17};
A={5,9,13,17,21};
B={5,9,13,17,21}.

Therefore the smallest LD-semigroup containing {5} is
(5,9,13,17,21) = {0,5,9,10,13,14,15,17, —}.
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Thank you!
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